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Highlights
• A theoretical answer to the enhanced heat transfer situation in nanoliquids is
provided.
• The intractable Lorenz model and the tractable Ginzburg-Landau equation are
shown to be equivalent.
• Addition of dilute nanoparticle concentrations to Newtonian liquids leads to ad-
vancement of convection and hence to enhancement of heat transport in enclo-
sures.
• Khanafer-Vafai-Lightstone single-phase model is shown to be a limiting case of
the generalized Buongiorno two-phase model.
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Abstract
Rayleigh-Be´nard convection in Newtonian liquids and Newtonian nanoliquids occupy-
ing rectangular, square and slender vertical enclosures is studied analytically in the
paper using Buongiorno model with supplementary information on thermophysical
properties of nanoliquids provided by phenomenological laws and mixture theory. The
five-mode Lorenz model is derived under the assumptions of Boussinesq approxima-
tion, small-scale convective motions and some slip mechanisms like Brownian diffu-
sion and thermophoresis. Inertia, Magnus effects, liquid drainage, diffusophoresis and
gravity settling are neglected. Using multiscale method the analytically intractable
Lorenz model of the problem is converted to a tractable Ginzburg-Landau equation
the solution of which helps in quantifying the unsteady heat transport. The Ginzburg-
Landau model derived directly from the governing equation is shown to be the same
as that obtained via the Lorenz model. This points to the equivalence of the two mod-
els. Enhancement of heat transport due to the presence of nanoparticles is also clearly
explained. Results on nanoliquids are discussed against the backdrop of Newtonian liq-
uids without nanoparticles. Physical explanation is provided for all parameters’ effects
on onset and heat transport. The results pertaining to single-phase model are recovered
as a limiting case of the present study.
Keywords: Nanoliquid, Two-phase model, Rayleigh-Be´nard convection, Lorenz
model, Ginzburg-Landau equation.
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Nomenclature
A Aspect ratio
A,B, C,L,M Amplitudes (m)
C Heat capacity (J/[Kg −K])
D Diffusion coefficient (m2/s)
Le Lewis number
NA Modified diffusivity ratio
Nu Nusselt number
Pr Prandtl number
~q velocity vector
R Rayleigh number
T Dimensional Temperature (C)
X Non-dimensional horizontal coordinate
Z Non-dimensional vertical coordinate
d Diameter (m)
~g Acceleration due to gravity, (0, 0,−g) (m/s2)
h Dimensional liquid layer depth (m)
k Thermal conductivity (W/[m−K])
kB0 Boltzmann constant (J/K)
p Dimensional dynamic pressure (Pa)
t Dimensional time (s)
u Dimensional horizontal velocity (m/s)
w Dimensional vertical velocity(m/s)
x Dimensional horizontal coordinate(m)
z Dimensional vertical coordinate(m)
Greek symbols
α Thermal diffusivity (m2/s)
β Coefficient of thermal expansion (1/K)
δ Amplitude of modulation
ω Frequency
∆ Difference in two values
ν Kinematic viscosity (m2/s)
µ Dynamic coefficient of viscosity (Kg/[m− s])
Θ Non-dimensional temperature
ρ Density (Kg/m3)
κ Wave number (1/m)
τ Non-dimensional time
χ Non-dimensional nanoparticle volume fraction
Ψ Non-dimensional stream function
ψ Dimensional stream function
Φ Non-dimensional concentration of nanoparticles
φ Dimensional concentration of nanoparticles
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Subscripts and Superscripts
b Basic state
bl Base liquid
B Brownian
c Critical
nl Nanoliquid
np Nanoparticle
p Pressure
Th Thermophoretic
φ Concentration
0 Reference value
′ Perturbed state
s Stationary
Introduction
Enclosures are bounded finite spaces filled with liquids or gases. Natural con-
vection in enclosures, also known as internal convection, takes place in rooms and
buildings, in furnaces, in cooling towers, in electronic cooling systems, in automotive
technology and in solar technology. There has been escalating interest in heat transfer
applications due primarily to implications in applications wherein enhanced surfaces
are widely used on their heat exchangers. As a result of this there is an aggressive
competition in industries to incorporate this technology in heat exchangers.
An innovative modern way of heat transfer enhancement in liquids is to suspend
nano-sized particles(1-100nm), in short nanoparticles, in base liquids. Base liquids
with nanoparticles are called nanoliquids (Choi [1]).
In order to study heat transfer in nanoliquids occupying enclosure we have two
choices of modelling:
1. Single-phase model and
2. Two - phase model.
In single-phase model the liquid and solid phases flow with the same local velocity.
This signifies that the nanoparticles and the liquid particles have similar properties so
far as flow is concerned but have different thermal properties. Thus in this model nano-
liquid behaves more as a liquid rather than as a solid-liquid mixture. It was for the first
time that Khanafer et al. [2] studied natural convection of Cu–water nanofluids in a
two-dimensional rectangular enclosure using single-phase model. They reported that
increasing the buoyancy parameter and volume fraction causes an increase in the aver-
age heat transfer coefficient at any given Grashof number. Since then a good number
of papers have appeared on convection in enclosures using Khanafer-Vafai-Lightstone
single-phase model ([2]-[3]). The experimental findings of Wen and Ding [4] clearly
indicate that the single-phase description of nanoliquids may not be satisfactory in
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cases where gravity, friction between liquid and solid particles, Brownian forces, ther-
mophoresis, sedimentaton and dispersion are important. The work of Manninen et
al. [5] was the first such attempt in this direction using two-phase models in place
of the single-phase models. They, however, used the liquid-solid mixture description
in modelling the dynamics of nanoliquids. Buongiorno [6] and others ([7]-[8]) car-
ried out their work on natural convection in nanoliquids using two important primary
slip mechanisms between solid and liquid phases, viz., Brownian diffusion and ther-
mophoresis. Amongst the works using two-phase models ([7]-[9]), Garoosi et al. [10]
specifically showed that all the slip mechanisms other than Brownian diffusion and
thermophoresis are unimportant when one considers nanoparticle diameters that are
less than 50nm. Further, the findings of Garoosi and his research group explicitly in-
dicate that thermophoresis is an important factor that cannot be dismissed in modeling
of nanoliquids if one were to use Al2O3 and TiO2 nanoparticles in the carrier liquid.
With the help of two-phase equations derived by Buongiorno [6], many investigators
studied Rayleigh-Be´nard convection (RBC) in nanoliquids (see Nield and Kuznetsov
[11], Tzou [12], [13], Yadav et al. [14], Shilpi and Bhadauria [15], Shilpi et al. [16]).
These works on RBC suffer from the fact that thermophysical properties do not enter
into the model. In view of the above observation, it is apparent that the handling of
Rayleigh-Be´nard convection in nanoliquids as reported by earlier investigators has es-
sentially been like a double-diffusive convection problem with Soret effect. This is un-
acceptable since suspended nanoparticles are known to modify viscosity, thermal con-
ductivity and other thermophysical properties. In the paper we have resorted to the in-
vestigation of Rayleigh-Be´nard convection in nanoliquids using Buongiorno two-phase
model with phenomenological laws and mixture theory modeling the thermophysical
properties of nanoliquids. This new model will henceforth be called as ”Generalized
Boungiorno two-phase model” (see Siddheshwar et al. [17]). Most of the studies on
natural convection of nanoliquids in an enclosure that make use of either single-phase
or two-phase model generally address the problem of heating and cooling from the ver-
tical plates with the horizontal plate kept adiabatic ([2],[18],[19],[20],[21],[22], [23]).
Very sparse literature is available on Rayleigh-Be´nard convection in an enclosure that
involves heating and cooling of the horizontal boundaries with the vertical boundaries
maintained adiabatic([24],[3],[25],[26], [27]). A good account of nanoliquids and their
various applications are very nicely enunciated in the books by Bergman et al. [28] and
Bianco et al.[29]. The objectives of the present paper dealing with Rayleigh-Be´nard
convection in shallow, square and slender vertical enclosures are:
a) Treating convection in nanoliquids in a way that is different from classical bi-
nary liquid convection by incorporating Brownian motion, thermophoresis and
thermophysical properties of nanoliquids.
b) Connecting the results of Khanafer-Vafai-Lightstone model and Generalized Buon-
giorno two-phase model,
c) Deriving the tractable Ginzburg-Landau equation from the intractable Lorenz
model and
d) Showing the equivalence of the results obtained by the Lorenz model and Ginzburg-
Landau model.
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Mathematical formulation for Rayleigh-Be´nard convection(longitudinal rolls)
Consider two-dimensional Rayleigh-Be´nard convection in nanoliquids occupying
an enclosure with height h and breadth b as shown in Fig.1. The enclosure is of infi-
nite extent in the y - direction. The vertical boundaries are assumed to be stress-free,
adiabatic and impermeable. The horizontal boundaries are assumed to be stress-free,
isothermal and iso-nanoparticle concentration. For mathematical tractability we con-
fine ourselves to two-dimensional rolls so that all physical quantities are independent
of y, a horizontal co-ordinate. The governing system of equations in dimensional form
for studying two-dimensional Rayleigh-Be´nard convection in nanoliquids occupying
enclosures are:
5 · ~q = 0, (1)
ρnl
[
∂~q
∂t
+ (~q · 5)~q
]
= −5 p+ µnl 52 ~q + [ρnl − (ρβ)nl(T − T0)
+(ρβ)φ(φ− φ0)]~g, (2)
(ρCp)nl
[
∂T
∂t
+ (~q · 5)T
]
= knl 52 T, (3)
∂φ
∂t
+ (~q · 5)φ = DB 52 φ+ DT
T0
52 T, (4)
The nanoliquid properties are evaluated using either phenomenological laws or mixture
theory presented below:
Phenomenological laws :
µnl
µbl
=
1
(1− χ)2.5 ( Brinkman [30])
knl
kbl
=
(
knp
kbl
+ 2
)
− 2χ
(
1− knp
kbl
)
(
knp
kbl
+ 2
)
+ χ
(
1− knp
kbl
) , ( Hamilton et al. [31])
Mixture theory :
(ρCp)nl
(ρCp)bl
= (1− χ) + χ (ρCp)np
(ρCp)bl
, αnl =
knl
(ρCp)nl
,
(ρβ)nl
(ρβ)bl
= (1− χ) + χ (ρβ)np
(ρβ)bl
,
ρnl
ρbl
= (1− χ) + χρnp
ρbl
,

( Khanafer et al. [2]).
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The specific heat and thermal expansion coefficient of nanoliquids are calculated using
the following expressions :
(Cp)nl =
(ρCp)nl)
ρnl
, βnl =
(ρβ)nl
ρnl
.
In writing Eq. (3) we have neglected the Dufour- type cross-diffusion effect being
aware that previous studies ([12],[13],[14], [15], [16], [17]) clearly point to the validity
of this assumption.
The effective viscosity and thermal conductivity of nanoliquid are modelled using
Brinkman and Hamilton-Crosser models respectively on the reason that the study does
not deal with dynamic situations far away from equilibrium (conduction state).
At the basic state the nanoliquid is assumed to be at rest and hence the temperature
and nanoparticle concentration vary in the z− direction only and are given by
~qb = (0, 0), p = pb(z), T = Tb(z), φ = φb(z). (5)
Equations (1) and (2) on using Eq. (5) now take the form :
∂pb
∂x
= 0, (6)
∂pb
∂z
+ [ρnl − (ρβ)nl(Tb − T0) + (ρβ)φ(φb − φ0)] g = 0. (7)
Equation (3) on using Eq. (5) now reads as:
d2Tb
dz2
= 0. (8)
Using Eqs. (5) and (8) in Eq. (4), we get
d2φb
dz2
= 0. (9)
With two diffusing components, viz., temperatue and dilute nanoparticle concentration
the possibilities that arise are shown in figure 2. Of the four possibilities, those shown
in figs 2(a) and 2(b) are uninteresting for there is nothing to investigate and the conclu-
sion on stability of these systems is pretty obvious. The situation shown is fig 2(c) is
interesting but that shown in fig 2(d) is most interesting. The reason for the situation
shown in fig 2(c) being less interesting compared to that in fig 2(d) is that only dilute
concentrations of nanoparticles are known to enhance heat transfer and the weak Soret-
type effect assumed in the paper makes it clear that only condition shown in fig 2(d)
merits attention.
In view of this the solution of Eqs. (8) and (9) is obtained subject to the boundary
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condition appropriate for the situation shown in fig 2(d) :
Tb = T0 + ∆T, φb = φ0 + ∆φ at z = 0
Tb = T0, φb = φ0 at z = h
}
, 0 < x < b, (10)
The basic state solution for this situation is :
Tb(z) =
(
1− z
h
)
4 T + T0, (11)
φb(z) =
(
1− z
h
)
4 φ+ φ0. (12)
We now superimpose perturbations on the basic state solution as given below:
~q = ~q′, p = pb + p′,
T = Tb + T
′, φ = φb + φ′,
}
. (13)
Substituting the expression (13) in Eqs. (2) to (4), using basic state solutions (11) and
(12), eliminating pressure and introducing stream function, ψ, in the form:
u = −∂ψ
∂z
, w =
∂ψ
∂x
, (14)
we get
ρnl
[
∂
∂t
(52ψ) + J(ψ,52ψ)
]
= µnl 52 ψ + (ρβ)nl ∂T
′
∂x
g − (ρβ)φ ∂φ
′
∂x
g, (15)
(ρCp)nl
[
∂T ′
∂t
+
∂ψ
∂x
∂T ′
∂z
− ∂ψ
∂z
∂T ′
∂x
+
∂ψ
∂x
dTb
dz
]
= knl 52 T ′, (16)
∂φ′
∂t
+
∂ψ
∂x
∂φ′
∂z
− ∂ψ
∂z
∂φ′
∂x
− ∂ψ
∂x
dφb
dz
= DB 52 φ′ + DT
T0
52 T ′. (17)
Introducing the following non-dimensional variables
(X,Z) =
(x
b
,
z
h
)
, τ =
αblt
h2
, Ψ =
ψ
αbl
,Θ =
T ′
4T , Φ =
φ′
4φ,
}
(18)
Eqs. (15)-(17) can be written in non-dimensional form as:
1
Prnl
∂
∂τ
(52AΨ) = a1 54A Ψ +Ranla21A4
∂Θ
∂X
−Raφnla21A4
∂Φ
∂X
, (19)
∂Θ
∂τ
= a1 52A Θ +A
∂Ψ
∂X
−AJ(Ψ,Θ), (20)
∂Φ
∂τ
=
a1
Lenl
52A Φ +
a1NAnl
Lenl
52A Θ +A
∂Ψ
∂X
−AJ(Ψ,Φ),(21)
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where
Prnl =
µnl
ρnlαnl
, Ranl =
(ρβ)nl∆Th
3g
µnlαnl
, Raφnl =
(ρnp − ρnl)∆φh3g
µnlαnl
,
Lenl =
αnl
DB
, NAnl =
DT∆T
DBTc∆φ
, a1 =
αnl
αbl
, A =
h
b
,
52A = A2
∂2
∂X2
+
∂2
∂Z2
, J(Ψ, ...) =
∣∣∣∣∣∣∣∣∣
∂Ψ
∂X
∂Ψ
∂Z
∂
∂X
(...)
∂
∂Z
(...)
∣∣∣∣∣∣∣∣∣ .
We note at this point that all the parameters have been defined in terms of nanoliquid
properties and this is a major departure from earlier works concerning Rayleigh-Be´nard
convection in nanoliquids.
The Eqs. (19)-(21) are solved subject to the boundary conditions :
Ψ = 52AΨ = Θ = Φ = 0 at Z = 0, 1 for 0 < X < 1
Ψ = 52AΨ =
∂Θ
∂X
=
∂Φ
∂X
at X = 0, 1 for 0 < Z < 1
}
. (22)
Before we perform a nonlinear stability analysis we note that stationary convection is
the preferred mode at onset with the critical Rayleigh number given by :
Rastnlc =
pi4(A2 + 1)3
A5
+RφnlLenl
(
1− NAnl
Lenl
)
. (23)
In the next section we discuss the local non-linear stability analysis in order to find the
amplitude equation of Ginzburg-Landau and thereby estimate the heat transport.
The linear theory predicts only the condition for the onset of convection. To study
the heat transport in an enclosure we move on to make a local nonlinear stability anal-
ysis of the system.
Local nonlinear stability analysis
We assume the form of the stream function, temperature and nanoparticle concen-
tration as follows:
Ψ =
√
2a1δ
2
A
pi2
A(τ) sin(piX) sin(piZ), (24)
Θ =
√
2
pirnl
B(τ) cos(piX) sin(piZ)− 1
pirnl
C(τ) sin(2piZ), (25)
Φ =
√
2
pi
L(τ) cos(piX) sin(piZ) + 1
pi
M(τ) sin(2piZ), (26)
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where rnl =
Ranlpi
2
δ6A
, rφnl =
Raφnlpi
2
δ6A
and the amplitudes A(τ),B(τ), C(τ),L(τ)
andM(τ) are to be determined.
Substituting Eqs. (24)-(26) in Eqs. (19)-(21) and taking the orthogonality condition
with the eigenfunctions associated with the considered minimal modes, we get
1
Prnl
dA
dτ1
= a1
(
A4B −A−A4rφnlL
)
, (27)
dB
dτ1
= a1(ArnlA− B −AAC), (28)
dC
dτ1
= a1(AAB − bC), (29)
rnl
dL
dτ1
= a1
(
ArnlA− NAnl
Lenl
B − rnl
Lenl
L+ArnlAM
)
, (30)
rnl
dM
dτ1
= a1
(
bNAnl
Lenl
C − brnl
Lenl
M−ArnlAL
)
, (31)
where τ1 = δ2Aτ and b =
4pi2
δ2A
.
We now use the following regular perturbation expansion in the Eqs.(27)-(31):
A
B
C
L
M
rnl
 =

0
0
0
0
0
r0
+ 

A1
B1
C1
L1
M1
r1
+ 
2

A2
B2
C2
L2
M2
r2
+ 
3

A3
B3
C3
L3
M3
r3
+ · · · (32)
where τ∗1 = 2τ1 (small time scale). We also assume the thermophoretic effect is weak
and arises only as a second-order correction and hence we replace NAnl by 2NAnl .
Let us now take
L =

−a1 a1A4 0 −a1A4rφnl 0
a1Ar0 a1 0 0 0
0 0 −a1b 0 0
a1Ar0 0 0 −a1r0
Lenl
0
0 0 0 0 −a1br0
Lenl

(33)
and Vi =

Ai
Bi
Ci
Li
Mi
 , i = 1(1)3. (34)
Substituting Eq. (32) in Eqs. (27)-(31) and on comparing the like powers of  on both
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sides of the resulting equations, we get the following equations at various orders :
First order system:
LV1 = 0, (35)
Second order system:
LV2 = [R21, R22, R23, R24, R25]
Tr, (36)
Third order system:
LV3 = [R31, R32, R33, R34, R35]
Tr, (37)
where
R21 = 0, R22 = −a1r1AA1, R23 = −a1AA1B1,
R24 = −a1
(
Ar1A1 − r1L1
Lenl
)
, R25 = a1Ar0A1L1,
 , (38)
R31 =
1
Prnl
dA1
dτ∗1
, R32 =
dB1
dτ∗1
− a1Ar2A1 + a1AA1C2,
R33 =
dC1
dτ∗1
− a1A(A1B2 +A2B1),
R34 = r0
dL1
dτ∗1
− a1A [(r0M2 + r2)A1 +A2M1] + a1NAnl
Lenl
B1 +
a1r2
Lenl
L1,
R35 = r0
dM1
dτ∗1
− a1Ar0(A1L2 +A2L1)− a1bNAnl
Lenl
Z1,

. (39)
The solution of the first and second order systems subject to appropriate initial condi-
tions is given by :
V Tr1 = [A10 , Ar0A10 , 0, ALenlA10 , 0]Tr, (40)
V Tr2 = [A20 , Ar0A20 ,
A2r0
b
A210 , ALenlA20 ,
−A2Le2nl
b
A210 ]Tr, (41)
whereA10 andA20 are arbitrary functions of τ∗1 and superscript Tr indicates transpose.
We are not interested in finding the solution of the third order system. However, for
the purpose of determining the correction to the scaled Rayleigh number, r0, and the
amplitude, A10 , it is sufficient to consider the Fredholm solvability condition of the
form:
5∑
j=1
Rij Vˆ1 = 0, (i = 2, 3), (42)
where Vˆ1 represents the solution of the adjoint system of Eq. (35). Here i = 2 gives
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r1 = 0 and i = 3 yields the Ginzburg-Landau equation in the form:
dA10(τ∗1 )
dτ∗1
= Q1A10(τ∗1 )−Q2A310(τ∗1 ), (43)
where
Q1 =
a1A
5Prnl(r2 +NAnlrφnl)
1 +A5Prnl(r0 − Le2nlrφnl)
,
Q2 =
δ2AA
7Prnl(r0 − Le3nlrφnl)
4pi2 [1 +A5Prnl(r0 − Le2nlrφnl)]
,
r2 =
Ra2pi
2
δ6A
.

. (44)
We note here that Eq. (43) is identical to Eq. (A14) which is obtained in the appendix
without recourse to the Lorenz model. Solving Eq. (43), we get
A10(τ∗1 ) =
√
Q1√
Q2(1− e−2Q1τ∗1 )A0 +Q1e−2Q1τ∗1
A0, (45)
where A0 = A10(0) = 1.
In the next section we quantify the heat transport in terms of the Nusselt number at
the lower boundary for the stationary mode of convection in a nanoliquid.
Estimation of enhanced heat transport in nanoliquids at lower plate
The thermal Nusselt number, Nunl(τ∗1 ), is defined as:
Nunl(τ
∗
1 ) =
Heat transport by (conduction +convection)
Heat transport by conduction ,
= 1 +
knl
kbl

∫ 1
0
(
∂Θ
∂Z
)
dX
∫ 1
0
(
dΘb
dZ
)
dX

Z=0
, (46)
where Θb =
Tb − T0
∆T
. Substituting Eqs. (11) and (25) in Eq. (46), we get
Nunl(τ
∗
1 ) = 1 +
(
knl
kbl
)
2
rnl
C(τ∗1 ). (47)
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Using Eqs.(32),(40) and (41) in (47), we get
Nunl(τ
∗
1 ) = 1 +
2
b
(
knl
kbl
)
2
(
r0
rnl
)
A210 . (48)
With the necessary background for analysing the results prepared in the previous sec-
tions, in what follows we discuss the results obtained and draw a few conclusions.
Results and discussion
Rayleigh-Be´nard convection in nanoliquids occupying rectangular (A = 0.8), square
(A = 1) and slender vertical (A = 1.2) enclosures is studied in the paper using the gen-
eralized Buongorno two-phase model with thermophysical properties determined from
phenomenological laws or mixture theory. Before we move on to the discussion on the
results of the paper we need to mention that the results, their discussion and thereby
the conclusion drawn lean heavily on the actual values of thermophysical properties of
nanoliquids (see Table 3 calculated using thermophysical properties of baseliquids and
nanoparticles documented in tables 1 and 2 respectively). This shift from the classical
approach to convection makes the outcome of the paper more valuable in the context
of Rayleigh-Be´nard convection of real nanoliquids.
On going through table 3, we observe that :
ρbl < ρnl < ρnp,
αbl < αnl < αnp,
kbl < knl << knp,
Cpbl > Cpnl > Cpnp .
This means that addition of nanoparticles enhances the density, thermal diffusivity and
thermal conductivity. In fact the effect of nanoparticle is more pronounced in the case
of thermal conductivity compared to that in other properties. These values documented
in the tables are used in the calculation of eigenvalues and for studying the heat trans-
port.
In the present problem the principle of exchange of stabilities is valid and hence
stationary mode of convection is the preferred one at onset. Linear stability analysis of
the problem clearly shows that onset of convection is advanced in base liquids when
a dilute concentration of nanoparticles is introduced. This can be explained by noting
that for a base liquid (without nanoparticles),
Rastblc =
pi4(A2 + 1)3
A5
.
Thus Eq. (23) may be written as
Rastnlc = Ra
st
blc +RaφnlLenl
(
1− NAnl
Lenl
)
.
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From table 3 it is clear that 1 − NAnl
Lenl
< 0 which shows that Rastnlc < Ra
st
blc
, i.e.,
addition of dilute nanoparticle concentration to Newtonian liquids leads to advance-
ment of convection in all the three enclosures. The following general results can be
qualitatively obtained from Eq. (23) :
dRastnlc
dNAnl
= −Raφnl < 0, (49)
dRastnlc
dRaφnl
= Lenl −NAnl < 0, (50)
dRastnlc
dLenl
= Raφnl > 0. (51)
The termNAnl in the equation (21) essentially means a cross diffusion of the Soret type
being present and thereby implies a drift of nanoparticles from a higher temperature to
lower temperature region. This is responsible for destabilization. Further, presence of
nanoparticles implies increased surface area of high thermal conductivity material. The
above reasoning explains the results in Eqs. (49)-(50). Increase in the value of Lenl,
can be taken as a decrease in the effective diffusion coefficient a1
Lenl
and hence to a
greater increase in a1 DB compared to that in αnl. This is physically true and hence
the result of Eq. (51).
The above general results especially that of Eq. (50), have been arrived at by con-
sidering the fact that Lenl < NAnl (the data documented in Table 3 clearly points to
this fact). We observe from a plot of Rayleigh number, Ranl with aspect ratio, A, in
figure 3 that slender vertical enclosure facilitates easy onset than that in the case of
square and rectangular enclosures. From the figure it is apparent that the results of the
paper are not reliable for very small values of A. This figure thus gives us an idea that
the current study is valid only for those values of A for which unicellular convection
persists. Study of multicellular convection for much small value of A would need a
separate analysis.
Coming to the nonlinear stability analysis, the fifth-order Lorenz model is derived
using minimal representation of Fourier series and the obtained Lorenz model is an-
alytically intractable. In the theory of differential equation we have a result “An nth
order autonomous differential equation can be reduced to an (n − 1)th order differ-
ential equation”. Using this result and multiscale method, we now reduce the order
of Lorenz model. This result is important when we recognize the fact that Lorenz
model is, in general, not analytically tractable but Ginzburg-Landau equation is. The
analytical solution of the Ginzburg-Landau equation for the amplitude, A10 , is used in
obtaining an analytical expression for the Nusselt number as a quadratic function of the
amplitude. Since the lateral walls are adiabatic the heat transport takes place predomi-
nantly in the Z direction in a square enclosure as well as in a slender vertical enclosure
and is more vigorous than that in the case of a rectangular enclosure. Thus from the
figure 4 it is clear that enhancement of heat transport in a rectangular enclosure is less
than that in square and slender vertical enclosures.
Tables (4)-(6) give the results of Nunl as a function of χ and rnl. It is clear from
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these tables that Nunl increases with increase in χ. The percentage increase in Nusselt
number due to presence of nanoparticles documented in these tables clearly shows that
nanoparticles enhance heat transfer. As discussed in the context of Ranlc , increase in
χ means increased surface area of high thermal conductivity material. This gives us
the result dRanl
dχ
< 0 which in turn means dNunl
dχ
> 0. Further, the heat transported
by base liquid in the presence of nanoparticles for all the twenty- nanoliquids is greater
than that in their absence. It is quite clear from these tables that water-titania transports
least heat where as glycerine-Ag transports maximum. This result may be attributed to
the thermophoretic coefficient being inversely proportional to the thermal conductivity
at low Ra and the single-phase model turning out to be an adequate description of this
situation (see Garoosi et al. [10]). In tables (4)-(6) we also observe thatNunl increases
with increase in rnl and this is essentially confirmation of a known result in Rayleigh-
Be´nard convection that Nunl increases with increase in Rayleigh number beyond the
critical. This result is true for slender vertical (A > 1), square (A = 1) and shallow
(A < 1) enclosures.
The following general results can be extracted from the tables:
Nu
[A<1]
nl < Nu
[A=1]
nl < Nu
[A>1]
nl . (52)
The result (52) follows from the following result depicted in figure 3 :
Ra
[A<1]
nlc
> Ra
[A=1]
nlc
> Ra
[A>1]
nlc
. (53)
We now move on to another major result, viz., showing Khanafer-Vafai single-phase
model to be a limiting case of generalized Buongiorno two-phase model. The gener-
alised fifth-order Lorenz model in (27)-(31) reduces to the third-order Lorenz model
associated with the single-phase model of Khanafer-Vafai-Lightstone. This can be seen
on taking rφnl = 0 in the fifth-order Lorenz model. With rφnl = 0, Eqns (27)-(31) get
uncoupled from L andM resulting in the third-order Lorenz model [32]:
dA
dτ1
= a1Prnl (B −A) , (54)
dB
dτ1
= a1(rnlA− B −AC), (55)
dC
dτ1
= a1(AB − b1C). (56)
which is the Lorenz model of single-phase.
Tables (7)-(9) are of single-phase model and correspond to those of tables (4)-(6)
of generalized two-phase model. On comparing corresponding tables in these two sets
of tables it is clear that single-phase model under predicts heat transfer compared to
generalized Boungiorno two-phase model.
15
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
Conclusion
1. Nanoliquids in the study of Rayleigh-Be´nard convection need to be treated in a
way that is different from classical binary liquid convection.
2. A theoretical answer to the enhanced heat transfer situation in nanoliquids (by
combining features of the single-phase and two-phase models) can be provided.
3. The effect of increasing Rφnl and NAnl is to advance the onset of convection
whereas the effect of increasing Lenl is to delay the onset.
4. The analytically intractable Lorenz model can be reduced to the tractable Ginzburg-
Landau equation using the multiscale method, thus circumventing the need to do
a numerical study of the problem. Derivation of the Ginzburg-Landau equation
directly(not via the Lorenz model) in the appendix shows that the two are the
same pointing to the equivalence of the Lorenz model and the Ginzburg-Landau
model.
5. Nunl > Nubl and
d(Nunl)
dχ
> 0. We may thus conclude that addition of
dilute nanoparticle concentrations to Newtonian liquids leads to enhanced heat
transport in slender, square and rectangular enclosures.
6. Nu[A>1]nl > Nu
[A=1]
nl > Nu
[A<1]
nl which implies slender vertical enclosure
transports heat greater than square and rectangular enclosures.
7. Khanafer-Vafai-Lightstone [2] single-phase model is a limiting case of general-
ized Buongiorno [6] two-phase model. The limitations of the former model is
very clearly brought out by the works of Garoosi and his team ([7], [33], [34],
[8]), [35], [10], [36],[37], [9]).
8. NuSPMnl < NuGBTPMnl where superscripts SPM and GBTPM refer respectively
to single-phase model and generalized Buongiorno two-phase model.
9. The results of the paper are valid only for those values ofA for which unicellular
convection persists. Study of multicellular convection for much smaller values
of A would need a separate analysis.
10. Most of the reported studies use the Brinkman model [30] for viscosity of nano-
liquids and the Hamilton-Crosser model [31] for thermal conductivity. The range
of temperatures arising in the convective regime are slightly above the value cor-
responding to the critical temperature at onset and at best can result in marginal
changes in the above two thermophysical quantities. The other thermophysi-
cal quantities are based on the mixture theory. Thermodynamically correct re-
sults have been obtained using the above models for µ and k. Work is under
progress to use the dynamic model of Corcione [27] in place of the static models
of Brinkman [30] and Hamilton-Crosser [31].
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TTable 1: Thermophysical properties of four base liquids at 300◦K.
Baseliquids µbl ρbl kbl βbl × 105 Cpbl
Water 0.00089 997 0.613 21 4179
Ethylene Glycol 0.0157 1114.4 0.252 65 2415
Engine Oil 0.486 884 0.144 70 1910
Glycerine 0.799 1259.9 0.286 48 2427
Table 2: Thermophysical properties of five nanoparticles at 300◦K.
Nanoparticles ρnp knp βnp × 105 Cpnp
Copper 8933 401 1.67 385
Copper Oxide 6320 76.5 1.8 531.8
Silver 10500 429 1.89 235
Alumina 3970 40 0.85 765
Titania 4250 8.9538 0.9 686.2
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Table 3: Thermophysical properties of twenty nanoliquids for χ = 0.05 at 300◦K.
Nanoliquids ρnl knl µnl αnl × 107 Prnl NAnl Lenl Rφnl
W − Cu 1393.90 0.70932 0.00101 1.71728 4.22677 4.27688 2.65408 2.86351
W − CuO 1263.25 0.70738 0.00101 1.71421 4.67228 4.69714 2.64933 2.86864
W −Ag 1472.25 0.70935 0.00101 1.73780 3.95458 4.04957 2.68579 2.82970
W −Al2O3 1145.75 0.70526 0.00101 1.71579 5.14669 5.15275 2.65177 2.86600
W − T iO2 1159.75 0.69156 0.00101 1.68494 5.17765 4.93780 2.60410 2.91848
EG− Cu 1505.33 0.29171 0.01785 1.06906 110.90618 4.42910 2.59585 2.92775
EG− CuO 1374.68 0.29138 0.01785 1.06937 121.41153 4.84051 2.59660 2.92690
EG−Ag 1583.68 0.29172 0.01785 1.08846 103.54036 4.21010 2.64296 2.87557
EG−Al2O3 1257.18 0.29101 0.01785 1.07440 132.13750 5.28144 2.60882 2.91320
EG− T iO2 1271.18 0.28846 0.01785 1.06735 131.54540 5.14775 2.59170 2.93244
EO − Cu 1286.45 0.16671 0.55249 0.93870 4575.17633 4.08368 2.50248 3.03698
EO − CuO 1155.80 0.16660 0.55249 0.94016 5084.45057 4.54025 2.50637 3.03227
EO −Ag 1364.80 0.16671 0.55249 0.96511 4194.50616 3.84931 2.57290 2.95387
EO −Al2O3 1038.30 0.16648 0.55249 0.94814 5612.21209 5.04781 2.52764 3.00676
EO − T iO2 1052.30 0.16562 0.55249 0.94649 5547.15282 4.93821 2.52326 3.01197
G− Cu 1643.56 0.33106 0.90832 1.07596 5136.36918 4.58597 2.61551 2.90574
G− CuO 1512.91 0.33063 0.90832 1.07594 5580.03308 4.97093 2.61547 2.90579
G−Ag 1721.91 0.33106 0.90832 1.09324 4825.16267 4.37745 2.65752 2.85981
G−Al2O3 1395.41 0.33015 0.90832 1.08008 6026.70821 5.37629 2.62553 2.89465
G− T iO2 1409.41 0.32690 0.90832 1.07154 6014.39828 5.23688 2.60477 2.91772
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TTable 4: Variation ofNunl with χ and rnl for τ∗1 = 1 andA0 = 1 for vertical slender enclosure (A = 1.2).
Nanoliquid Nunl
χ = 0.03
(rnl = 3)
χ = 0.05
(rnl = 3)
%
rnl = 3
χ = 0.05
rnl = 5
χ = 0.05
%
W-Cu 2.68409 2.79789 4.24 2.79789 3.02838 8.24
W-CuO 2.68266 2.79505 4.19 2.79505 3.02500 8.23
W-Ag 2.68430 2.79882 4.27 2.79882 3.02954 8.24
W-Al2O3 2.68117 2.79231 4.15 2.79231 3.02171 8.22
W-TiO2 2.65907 2.75340 3.55 2.75340 2.97787 8.15
E G-Cu 2.68891 2.80224 4.21 2.80224 3.03318 8.24
E G-CuO 2.68891 2.80201 4.21 2.80201 3.03274 8.23
E G-Ag 2.68990 2.80460 4.26 2.80460 3.03597 8.25
E G-Al2O3 2.68917 2.80245 4.21 2.80245 3.03305 8.23
E G-TiO2 2.67921 2.78492 3.95 2.78492 3.01332 8.20
E O-Cu 2.68509 2.79494 4.09 2.79494 3.02502 8.23
E O-CuO 2.68590 2.79604 4.10 2.79604 3.02605 8.23
E O-Ag 2.68684 2.79879 4.17 2.79879 3.02951 8.24
E O-Al2O3 2.68727 2.79838 4.13 2.79838 3.02849 8.22
E O-TiO2 2.68152 2.78833 3.98 2.78833 3.01719 8.21
G-Cu 2.69022 2.80447 4.25 2.80447 3.03564 8.24
G-CuO 2.68992 2.80377 4.23 2.80377 3.03468 8.24
G-Ag 2.69108 2.80654 4.29 2.80654 3.03810 8.25
G-Al2O3 2.68981 2.80357 4.23 2.80357 3.03430 8.23
G-TiO2 2.67859 2.78380 3.93 2.78380 3.01204 8.20
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Nanoliquid Nunl
χ = 0.03
(rnl = 3)
χ = 0.05
(rnl = 3)
%
rnl = 3
χ = 0.05
rnl = 5
χ = 0.05
%
W-Cu 2.33554 2.44237 4.57 2.44237 2.73084 11.81
W-CuO 2.33852 2.44723 4.65 2.44723 2.73668 11.83
W-Ag 2.33514 2.44236 4.59 2.44236 2.73083 11.81
W-Al2O3 2.34158 2.45249 4.74 2.45249 2.74298 11.84
W-TiO2 2.32006 2.41400 4.05 2.41400 2.69680 11.71
E G-Cu 2.39683 2.51159 4.79 2.51159 2.81391 12.04
E G-CuO 2.39764 2.51272 4.80 2.51272 2.81526 12.04
E G-Ag 2.40077 2.51940 4.94 2.51940 2.82328 12.06
E G-Al2O3 2.39952 2.51602 4.86 2.51602 2.81922 12.05
E G-TiO2 2.38977 2.49861 4.55 2.49861 2.79833 12.00
E O-Cu 2.38840 2.49453 4.44 2.49453 2.79344 11.98
E O-CuO 2.39010 2.49709 4.48 2.49709 2.79651 11.99
E O-Ag 2.39501 2.50717 4.68 2.50717 2.80860 12.02
E O-Al2O3 2.39368 2.50329 4.58 2.50329 2.80394 12.01
E O-TiO2 2.38843 2.49400 4.42 2.49400 2.79280 11.98
G-Cu 2.40220 2.51953 4.88 2.51953 2.82343 12.06
G-CuO 2.40250 2.51982 4.88 2.51982 2.82378 12.06
G-Ag 2.40575 2.52656 5.02 2.52656 2.83187 12.08
G-Al2O3 2.40372 2.52197 4.92 2.52197 2.82637 12.07
G-TiO2 2.39263 2.50214 4.58 2.50214 2.80257 12.01
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Nanoliquid Nunl
χ = 0.03
(rnl = 3)
χ = 0.05
(rnl = 3)
%
rnl = 3
χ = 0.05
rnl = 5
χ = 0.05
%
W-Cu 1.60507 1.65067 2.84 1.65067 1.98496 20.25
W-CuO 1.61464 1.66742 3.27 1.66742 2.01081 20.59
W-Ag 1.60079 1.64358 2.67 1.64358 1.97391 20.10
W-Al2O3 1.62404 1.68448 3.72 1.68448 2.03720 20.94
W-TiO2 1.61170 1.66203 3.12 1.66203 2.00303 20.52
E G-Cu 1.81386 1.90113 4.81 1.90113 2.36449 24.37
E G-CuO 1.81555 1.90393 4.87 1.90393 2.36940 24.45
E G-Ag 1.81892 1.91128 5.08 1.91128 2.37938 24.49
E G-Al2O3 1.81866 1.90961 5.00 1.90961 2.37869 24.56
E G-TiO2 1.81146 1.89635 4.69 1.89635 2.35843 24.37
E O-Cu 1.81140 1.88898 4.28 1.88898 2.34583 24.19
E O-CuO 1.81339 1.89215 4.34 1.89215 2.35139 24.27
E O-Ag 1.82034 1.90618 4.72 1.90618 2.37129 24.40
E O-Al2O3 1.81786 1.90013 4.53 1.90013 2.36428 24.43
E O-TiO2 1.81429 1.89369 4.38 1.89369 2.35433 24.32
G-Cu 1.82892 1.92154 5.06 1.92154 2.39560 24.67
G-CuO 1.82964 1.92261 5.08 1.92261 2.39786 24.72
G-Ag 1.83386 1.93144 5.32 1.93144 2.41013 24.78
G-Al2O3 1.83165 1.92633 5.17 1.92633 2.40414 24.80
G-TiO2 1.82333 1.91096 4.81 1.91096 2.38069 24.58
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using single-phase model(rφnl = 0).
Nanoliquid Nunl
χ = 0.03
rnl=3
χ = 0.05
rnl=3
%
rnl = 3
χ = 0.05
rnl = 5
χ = 0.05
%
W − Cu 2.66641 2.78048 4.28 2.78048 3.01049 8.27
W − CuO 2.66382 2.77591 4.21 2.77591 3.00533 8.26
W −Ag 2.66737 2.78250 4.32 2.78250 3.01277 8.28
W −Al2O3 2.66118 2.77134 4.14 2.77134 3.00017 8.26
W − TiO2 2.63968 2.73345 3.55 2.73345 2.95739 8.19
EG− Cu 2.67027 2.78354 4.24 2.78354 3.01394 8.28
EG− CuO 2.66915 2.78158 4.21 2.78158 3.01174 8.27
EG−−Ag 2.67202 2.78705 4.30 2.78705 3.01791 8.28
EG−−Al2O3 2.66832 2.78024 4.19 2.78024 3.01022 8.27
EG− TiO2 2.65874 2.76337 3.94 2.76337 2.99117 8.24
EO − Cu 2.66708 2.77712 4.13 2.77712 3.00669 8.27
EO − CuO 2.66656 2.77624 4.11 2.77624 3.00571 8.27
EO −Ag 2.66976 2.78232 4.22 2.78232 3.01257 8.28
EO −Al2O3 2.66663 2.77651 4.12 2.77651 3.00600 8.27
EO − TiO2 2.66121 2.76701 3.98 2.76701 2.99528 8.25
G− Cu 2.67118 2.78519 4.27 2.78519 3.01581 8.28
G− CuO 2.66987 2.78288 4.23 2.78288 3.01320 8.28
G−Ag 2.67275 2.78835 4.33 2.78835 3.01937 8.29
G−Al2O3 2.66877 2.78106 4.21 2.78106 3.01115 8.27
G− TiO2 2.65794 2.76197 3.91 2.76197 2.98959 8.24
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single-phase model(rφnl = 0).
Nanoliquid Nunl
χ = 0.03
rnl=3
χ = 0.05
rnl=3
%
rnl = 3
χ = 0.05
rnl = 5
χ = 0.05
%
W − Cu 2.31292 2.41978 4.62 2.41978 2.70374 11.73
W − CuO 2.31431 2.42222 4.66 2.42222 2.70667 11.74
W −Ag 2.31349 2.42121 4.66 2.42121 2.70545 11.74
W −Al2O3 2.31577 2.42490 4.71 2.42490 2.70988 11.75
W − TiO2 2.29512 2.38791 4.04 2.38791 2.66549 11.62
EG− Cu 2.37136 2.48568 4.82 2.48568 2.78281 11.95
EG− CuO 2.37065 2.48442 4.80 2.48442 2.78130 11.95
EG−−Ag 2.37629 2.49499 5.00 2.49499 2.79398 11.98
EG−−Al2O3 2.37103 2.48523 4.82 2.48523 2.78228 11.95
EG− TiO2 2.36182 2.46877 4.53 2.46877 2.76252 11.90
EO − Cu 2.36385 2.46997 4.49 2.46997 2.76396 11.90
EO − CuO 2.36375 2.46981 4.49 2.46981 2.76377 11.90
EO −Ag 2.37164 2.48432 4.75 2.48432 2.78119 11.95
EO −Al2O3 2.36552 2.47308 4.55 2.47308 2.76770 11.91
EO − TiO2 2.36073 2.46459 4.40 2.46459 2.75751 11.89
G− Cu 2.37610 2.49270 4.91 2.49270 2.79124 11.98
G− CuO 2.37501 2.49077 4.87 2.49077 2.78893 11.97
G−Ag 2.38057 2.50116 5.07 2.50116 2.80139 12.00
G−Al2O3 2.37488 2.49065 4.87 2.49065 2.78879 11.97
G− TiO2 2.36436 2.47182 4.54 2.47182 2.76619 11.91
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TTable 9: Variation of Nunl with χ and rnl for τ∗1 = 1 and A0 = 1 for shallow enclosure (A < 1) using
single-phase model(rφnl = 0).
Nanoliquid Nunl
χ = 0.03
rnl=3
χ = 0.05
rnl=3
%
rnl = 3
χ = 0.05
rnl = 5
χ = 0.05
%
W − Cu 2.14639 2.23202 3.99 2.23202 2.47842 11.04
W − CuO 2.14893 2.23640 4.07 2.23640 2.48368 11.06
W −Ag 2.14611 2.23150 3.98 2.23150 2.47780 11.04
W −Al2O3 2.15142 2.24071 4.15 2.24071 2.48886 11.07
W − TiO2 2.13315 2.20880 3.55 2.20880 2.45056 10.95
EG− Cu 2.21992 2.31537 4.30 2.31537 2.57844 11.36
EG− CuO 2.21934 2.31434 4.28 2.31434 2.57721 11.36
EG−−Ag 2.22437 2.32298 4.43 2.32298 2.58758 11.39
EG−−Al2O3 2.21976 2.31502 4.29 2.31502 2.57802 11.36
EG− TiO2 2.21152 2.30061 4.03 2.30061 2.56073 11.31
EO − Cu 2.21384 2.30316 4.03 2.30316 2.56379 11.32
EO − CuO 2.21377 2.30301 4.03 2.30301 2.56362 11.32
EO −Ag 2.22106 2.31547 4.25 2.31547 2.57856 11.36
EO −Al2O3 2.21544 2.30583 4.08 2.30583 2.56699 11.33
EO − TiO2 2.21116 2.29832 3.94 2.29832 2.55798 11.30
G− Cu 2.22517 2.32247 4.37 2.32247 2.58696 11.39
G− CuO 2.22420 2.32076 4.34 2.32076 2.58491 11.38
G−Ag 2.22922 2.32939 4.49 2.32939 2.59527 11.41
G−Al2O3 2.22410 2.32053 4.34 2.32053 2.58464 11.38
G− TiO2 2.21468 2.30409 4.04 2.30409 2.56491 11.32
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Figure 1: Schematic of the Rayleigh-Be´nard configuration.
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Figure 2: Possible two-component systems in the problem.
Figure 3: Rayleigh number, Ranl, versus aspect ratio, A.
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Figure 4: Nusselt number, Nunl, versus τ∗1 for different values of aspect ratio, A, for water-copper nano-
liquid.
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Appendix
Derivation of real Ginzburg-Landau Equation
Consider the Rayleigh-Be´nard problem in an enclosure. The dimensionless gov-
erning equations for and enclosure are :
1
Prnl
∂
∂τ
(52AΨ) = a1 54A Ψ +Ranla21A4
∂Θ
∂X
−Raφnla21A4
∂Φ
∂X
, (A1)
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∂Θ
∂τ
= a1 52A Θ +A
∂Ψ
∂X
−AJ(Ψ,Θ), (A2)
∂Φ
∂τ
=
a1
Lenl
52A Φ +
a1NAnl
Lenl
2 52A Θ +A
∂Ψ
∂X
−AJ(Ψ,Φ), (A3)
Equations (A1)-(A3) are essentially Eqns.(19)-(21). We have assumed the thermophoretic
effect is weak and arises only as a second-order correction and hence we have replaced
NAnl by 2NAnl in Eqn.(A4).
Consider the following regular perturbation expansion on Ψ,Θ,Φ and Ranl:
Ranl = Ra0 + 
2Ra2 + · · · ,
Ψ = Ψ1 + 
2Ψ2 + 
3Ψ3 · · · ,
Θ = Θ1 + 
2Θ2 + 
3Θ3 · · · ,
Φ = Φ1 + 
2Φ2 + 
3Φ3 · · · ,
 (A4)
where R0 is the critical value of the Rayleigh number at which convection sets in.
Let us now take
L′ =

a154A a21A4Ra0
∂
∂X
−a21A4Raφnl
∂
∂X
a21A
4Ra0
∂
∂X
a31A
3Ra052A 0
−a21A4Raφnl
∂
∂X
0 a31A
3Raφnl
Lenl
52A
 and V ′i =
ΨiΘi
Φi

i=1(1)3
(A5)
Substituting Eq. (A4) in Eqs. (A1)-(A3) and on comparing the like powers of  on both
sides of the resulting equations, we get the following equations at various orders:
First order system:
L′V ′1 = 0, (A6)
Second order system:
L′V ′2 = [R21, R22, R23]
Tr, (A7)
Third order system:
L′V ′3 = [R31, R32, R33]
Tr, (A8)
where
R21 = 0, R22 = a
2
1A
4Ra0J(Ψ1,Θ1), R23 = −a21A4RaφnlJ(Ψ1,Φ1), (A9)
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R31 =
1
Prnl
∂
∂τ∗1
(52AΨ1)−Ra2a21A4
∂Θ1
∂X
,
R32 = A
3Ra0
dΘ1
dτ∗1
− a21A4Ra2
∂Ψ1
∂X
− a21A3Ra2 52A Θ1 + a21A4Ra0J(Ψ1,Θ2),
R33 = −a21A3Raφnl
∂Φ1
∂τ∗1
+ a31A
3NAnl
Lenl
Raφnl 52A Θ1 − a21A4RaφnlJ(Ψ1,Φ2)

.
(A10)
The solution to first-order and second-order systems subject to appropriate initial bound-
ary conditions are given by :
Ψ1 =
√
2a1δ
2
A
pi2
A′(τ) sin(piX) sin(piZ),
Θ1 =
√
2
pirnl
B′(τ) cos(piX) sin(piZ),
Φ1 =
√
2
pi
L′(τ) cos(piX) sin(piZ),

, (A11)
Ψ2 = 0,
Θ2 = −A
2δ2A
4pi3
A′2 sin(2piZ),
Φ2 = −A
2δ2A
4pi3
Le2nlA′2 sin(2piZ),
 , (A12)
To find amplitude equation we use the Fredholm alternative condition on the third-order
system to get: ∫ 1
0
∫ 1
0
[
R31Ψˆ1 +R32Θˆ1 +R33Φˆ1
]
dXdZ = 0, (A13)
where Ψˆ1, Θˆ1 and Φˆ1 represents the solution of the adjoint system of A13 yields the
Ginzburg-Landau equation in the form:
dA′(τ∗1 )
dτ∗1
= Q′1A′(τ∗1 )−Q′2A′3(τ∗1 ), (A14)
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where
Q′1 =
a1A
5Prnl(r2 +NAnlrφnl)
1 +A5Prnl(r0 − Le2nlrφnl)
,
Q′2 =
δ2AA
7Prnl(r0 − Le3nlrφnl)
4pi2 [1 +A5Prnl(r0 − Le2nlrφnl)]
,
r2 =
Ra2pi
2
δ6A
.

. (A15)
Equation (A14) is identical with Eq. (43) obtained via the Lorenz model.
Solving Eq. (A14), we get
A′(τ∗1 ) =
√
Q′1√
Q′2(1− e−2Q′1τ∗1 )A′ +Q′1e−2Q′1τ∗1
A′, (57)
where A′ = A′(0) = 1.
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